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ABSTRACT  
Consideration of solids polydispersion is still lacking in DEM-CFD simulations of 
fluidized beds. Theoretical formalism for the drag force in size-distributed particle 
systems was recently proposed, but only for low-Re flows. Extension of the same 
formalism to overcome such limitations is discussed. Fully-resolved flow through 
regularly arranged binary particle systems is computed to assess the formalism, 
observing consistency for low to moderate voidage value and some discrepancy 
for higher voidage values.  
INTRODUCTION  
The multiphase hydrodynamics in fluidized beds exhibits well known complex 
features, like spatial inhomogeneities (e.g. bubbles, clusters) as well as rich 
dynamics in the time signal of operating variables (e.g. pressure drop). In beds 
containing different solids at the same time, solids mixing or segregation issues 
further complicate the hydrodynamics, rendering the predicting capability of 
macroscopic models very limited at present. Particle-scale numerical simulations, 
like DEM-CFD, have proven capable of representing several aspects of the two-
phase hydrodynamics in fluidized beds and their use is receiving considerable 
attention in basic research as well as in industrial applications (1). DEM-CFD 
simulations are based on nearly first-principle microscopic models, which allow 
overcoming the simplifying assumptions of macroscopic models, and are capable 
of reproducing the overall behavior of fluid-solid systems as a result of the 
simulation of very large numbers of particles and computational cells. 
Apart from the numerical difficulties generally associated to large-scale 
simulations, there are a number of physical issues that still remain to be solved. 
One of these is accounting for size dispersion of the solids in the two-phase flow. 
Indeed, accurate and generally valid formulations of the fluid-to-particle 
interaction term in polydisperse system are still a relatively open problem. It is 
worth mentioning that typical DEM-CFD approaches do not model the fluid flow at 
full resolution, i.e. describe the flow through the particle-particle interstices. 
Rather, the computational cells are a few particle sizes large and fluid motion is 
modeled (locally) as a flow through porous medium. Interphase momentum 
exchange is computed via semi-empirical expressions for the drag force acting 
on particles, which are valid for monodisperse suspensions. Therefore, the need 
for an expression of such force valid for polydisperse systems appears evident. 
In the present contribution we review a formulation of the drag force acting on a 
particle immersed in a bidisperse system, similar to that proposed by van der 
Hoef et al. (4), and investigate specifically two aspects: firstly, we examine under 
what conditions the expression, originally derived under the limiting condition of 
viscous-flow, can be extended to any flow-regime; secondly, we compare the 
model predictions against fully resolved finite-element computations of the fluid 
flow through regular bi-disperse arrays of spheres at various size ratios, volume 
fractions and voidage values. 
FLUID-PARTICLE INTERACTION IN DEM-CFD MODELS 
In DEM-CFD simulations, the simultaneous presence of the discrete solid phase 
and the continuous fluid phase is contemplated by means of different frames of 
reference and models: the Lagrangean framework is adopted for DEM, following 
each individual grain, along with the Eulerian framework for the fluid phase, in 
which the flow is computed by solving the locally-averaged equations of 
continuity and momentum balance. In DEM, the translational motion of a particle 















in which particle acceleration is computed knowing, as listed in the left-hand-side 
of Eq. (1), the gravitational force, the sum of the contact forces and the 
fluid-particle interaction force, respectively. An analogous equation is solved for 
the angular acceleration. Particle velocities and positions are obtained by 
integrating once and twice the accelerations. The fluid flow is obtained by solving 













∂  (3) 
 
Model closures for the interphase momentum term SFP are obtained starting by 
the computation of the hydrodynamic force on each particle, using one of the 
many semi-empirical models available (e.g. Gidaspow (2), Di Felice (3)). Then, in 
the simplest form, the closure term is obtained as the sum of forces acting on the 













The fluid-particle force can be decomposed into pressure-gradient and pure drag 
terms, leading to: 
 
dpfp PV ff +∇−=  (5) 
 
Reasoning in terms of ffp or fd is equivalent, provided the necessary adaptations 
are considered. In monodisperse systems, expressions for the drag force exhibit 
dependence on the particle size, fluid velocity, viscosity and local voidage, and 
different formulas may be used for different flow regimes or voidage ranges.  
 
FLUID-PARTICLE FORCE IN POLYDISPERSE SYSTEMS 
The presence of a mixture of differently-sized solids (polydispersion) complicates 
the flow through the interstices among particles, rendering traditional drag 
formulations physically inconsistent. An example of missing aspects is the 
independence of both the size ratio and local composition. More recently, it has 
been shown that expressions including such dependences can be constructed 
(4), although formally derived for the viscous flow regime, and lattice-Boltzmann 
simulation results confirm their validity (4). Slight modifications of them have been 
proved accurate for characterizing species segregation in gas- and 
liquid-fluidized beds (5,6). The original version was also utilized to derive a force-
equilibrium-based segregation map for gas-fluidized mixtures (7) in the viscous-
flow limit. A somewhat different derivation has been proposed in Ref. (8).  
 
Physical consistency  
Gas-solids systems are considered, so the effect of the Archimedean buoyancy 
can be neglected. Following an argument similar to Ref. (4), we start by a well-
known result that relates the overall pressure drop to the force acting on 
individual particles, which for monodisperse systems reads: 
 













εε −=−=−  (6) 
 
The same principle, in a system involving kt solids of different size (each one 




















where xk is the (fluid-free) volume fraction of the species k. Let us consider the 




















D  (8) 
 
and, in analogy with the monodisperse case, let us define an equivalent average 










ε−=−  (9) 
 
It is convenient to relate the force actually exerted on each particle to the average 
force in the system by a specification coefficient αk: 
 
fpkkfp ff ⋅= α,  (10) 
 
with the coefficient αk still to be defined. Introducing for convenience an index of 




y kk =  (11) 
 
we eventually obtain a constraint for physical consistency that can be expressed 














In searching for a definition of αk, it can be easily verified that by setting 2kk y=α  or 
3
kk y=α  Eq. (12) is fulfilled quite trivially. In addition, the same is obtained with any 
linear combination of the two terms just mentioned. Therefore, a generic 
expression for the specification coefficient is: 
 
( ) 32 1 kkk yaya −+=α  (13) 
 
in which the factor a remains to be derived. Table 1 lists some possibilities for the 
values of a, and the corresponding expressions for αk, all of which comply with 
the requirements of Eq. (12). 
 
Tendency for an extreme case  
In searching for the correct value of a, it is convenient to examine the tendency of 
the specification coefficients for extreme cases. A useful case is when we 
consider the force balance acting on a (very) large sphere immersed in a fluidized 
bed of fine material. It is well known that such a sphere will be at equilibrium, i.e. 
it will neither be pushed upwards nor downwards, if its density equals the bulk 
density of the bed. Such physical condition can be cast in analytical terms using 
the concepts described earlier. In particular, we will assume to have a binary 
mixture in which the fine solid and the large particle are species 1 and 2, 
respectively. We then have an extreme size ratio and also a volume fraction of 
the fine material that tends to unity, i.e. 021 →DD  and 11 →x . As a result, 1DD →  
and 122 DDy → .  
The force balance on the large particle can be set by equating the hydrodynamic 








πρα =  (14) 
 
In this case the bed is essentially composed of the fine particles, and the average 
fluid-particle force corresponds to the value necessary to suspend (i.e. fluidize) 
one fine particle. By introducing also the general definition of αk, we obtain: 
 
 
Table 1. Examples of expressions for the factor a (see Eq. (13)) and the 
specification coefficients αk compatible with the constraint as set out in Eq. (12).  
Case a αk 
1 0 3ky  
2 ε ( ) 32 1 kk yy εε −+  
3 1 − ε ( ) 321 kk yy εε +−  













































whence, after some manipulations, we get: 
 
( ) 21 1 ρρ =− a  (16) 
 
The left-hand side of Eq. (16) is obviously the bulk density of the fine material 
provided that a = ε, which corresponds to case 2 of Table 1. Under the 
assumption that such result is not restricted only to the limiting condition 
considered, i.e. it also applies for multicomponent mixtures in general, we get the 
following final formulation for the specification coefficient: 
 
( ) 32 1 kkk yy εεα −+=  (17) 
 
It can be noted that the formulation closely resembles the expression derived by 
van der Hoef et al. (4). Indeed, accounting for the fact that Eq. (17) is obtained as 
a specification coefficient with respect to the average force (instead of the force in 
the monodisperse system) and in dimensional terms, the two results turn out to 
be equivalent. Yet, a difference remains and it is the way the result is derived. In 
the original introduction the terms were obtaining using the Carman-Kozeny 
equation (4), thereby assuming low-Re flows, while here in no step of the 
derivation has the flow regime entered any expressions. Therefore, the result 
assumes properties of general validity, at least in the theoretical context in which 
it has been derived.  
 
COMPARISON WITH RESOLVED FLOW THROUGH REGULAR ARRAYS 
Since the result obtained in Eq. (17) is rather general, although not necessary 
universal, its implications should be verified and verifiable for any condition of 
flow through bi- or polydisperse systems, irrespective of the values of the size 
ratio, bed composition, voidage or the flow regime. It makes sense to test the 
formalism against simple cases in which the variables can be changed with 
relative ease, like for flow through static, regular arrays of bidisperse spherical 
particles. Comparison of the results of fully-resolved simulations of the flow 
through periodic array of bidisperse sphere systems with the model predictions 
for the specification coefficients are carried out at various size ratios and voidage 
values (see Table 2). Geometrical particle arrangements are obtained starting 
from the body-centered configuration for monodisperse systems, in which the 
particle located at the center of the cubic structure is reduced progressively in 
size in order to get the bidisperse system at different size ratios. Various voidage 
values are obtained by taking different distance between the particles. Note that 
because the geometrical arrangement is fixed the solid composition is directly 
related to the size ratio considered.  
Indeed, denoting the size ratio by 21 DDd = , the volume fraction of the small 









=  (18) 
 
The CFD module of the finite-element commercial software Comsol Multiphysics 
v. 4.1 is used. A slice of the overall domain is considered, with periodic boundary 
conditions for the flow variables between the inlet and outlet surfaces, including 
an overall pressure drop of 100 Pa. Symmetry is used on the four side 
boundaries. The investigated ranges of variables are listed in Table 2. A typical 
result with the geometry and the flow field is shown in Fig. 1. The conditions 
considered correspond to low-Re flow conditions and grid refinement studies 
have been carried out to ensure independence of the spatial discretization. Fig. 2 
shows a comparison of predictions and numerical results for the most significant 
cases studied. The data plotted in Fig. 2 show that at voidage values up to 0.6 
the force ratio obtained by the model, which equals the ratio of the specification 
coefficients α1/α2, reproduces the actual ratio of the forces experienced by the 
small particle over that of the large particles with very good accuracy in the entire 




Table 2. Ranges of variables investigated in periodic bidisperse arrays.  
Large particle 
diameter, D2 
Size ratio,        
d = D1/D2 
Bed composition,             
x1 (= f(d)) 
Voidage, ε 
200 µm 
0.05, 0.1, 0.2, 
0.3, 0.4, 0.5, 
0.6, 0.7, 0.8, 0.9 
1.2·10-4, 1.0·10-3, 7.9·10-3, 
0.026, 0.060, 0.11, 0.18, 
0.26, 0.34, 0.42, 0.50  
0.50, 0.55, 0.60, 0.65, 
0.70, 0.75, 0.80, 0.85, 






Figure 1. Flow field through regularly arranged spheres resulting from 
finite-element simulation. Due to geometrical regularity the spatial domain 
is sliced and sections of the particle surfaces (in black) appear for larger 
(the two parts in the back) and smaller particles (the one in the front). Fluid 
streamlines are shown along with the (periodic) inlet and outlet surfaces 
with velocity-proportional coloring. 
 
Figure 2. Fluid-particle interaction force ratio is plotted against the size 
ratio at various voidage values (see legends) for flow through regular arrays 
of bidisperse spheres. Solid symbols denote the results of the fully resolved 
simulations and the lines the model predictions. 
 
 
On the other hand, at voidage values of the order of 0.75, deviations between 
predicted and actual values become visible, particularly for size ratios in the 
range 0.2-0.7. As the voidage is further increased, it appears evident that model 
predictions are not able to capture the correct dependence of the force ratio with 
the size ratio. An explanation for the tendency to exhibit a linear dependence as 
the voidage tends to unity is suggested by the fact that the increased separation 
between the particles progressively leads to a condition in which each particle 
appears isolated. Consequently, the force exerted tends to the Stokes drag force, 























































































































































































Size ratio, D1/D2 [-]
ε = 0.95
considered by previous authors who adopted the model proposed in (4). On the 
other hand, Yin and Sundaresan (8) recognized the need to account for this (and 
another one) effect and proposed to reformulate the problem in different terms, 
eventually basing the result on a fit of their Lattice-Boltzmann data. Overall, the 
problem of including the missing aspects in the original model (4) still remains 
essentially unsolved. The analysis presented above can provide directions for 
further developments. 
In any case, since gas-fluidized beds hardly work at voidage values above about 
0.6, at least in the emulsion phase, the inaccuracy highlighted above is unlikely to 
determine large errors in simulations of multicomponent fluidized beds. However, 
for those cases in which loose regions play an important part in the process, a 
reconsideration of the model derivation should be taken into account in order to 
identify improved formulas that include the missing aspects. 
 
CONCLUSIONS  
A drag force formulation for the DEM-CFD simulation of polydisperse gas-solid 
fluidized beds has been derived in general terms. Comparison with detailed CFD 
results of flow through regular bidisperse arrays of spheres confirms the validity 
of the approach, but only in relatively dense regions (ε < 0.7). Additional 
developments are necessary to address discrepancies at higher voidage. 
 
NOTATION  
a coefficient in Eq. (13) t time, s 
D particle diameter, m u superficial relative velocity, m/s 
D  mean particle diameter, m Vp particle volume, m
3 
d diameter ratio (D1/D2), - x particle position, m/s 
fc contact force, N xi solids volumetric fraction, - 
fd drag force, N y polydispersion index DDy ii = , - 
fpf  fluid-particle force, N z vertical coordinate, m 
fpf  average fluid-particle force, N α specification coefficient, - 
g gravitational acceleration, m/s2 ε voidage, - 
kt number of solid species, - ρ solid density, kg/m3 
M particle mass, kg ρf fluid density, kg/m
3 
Nc number of contacts, - σt deviatoric stress tensor, Pa 
P fluid pressure, Pa Ω cell volume 
SFP fluid-particle source term, N/m
3   
 
REFERENCES  
1. N.G. Deen, M. van Sint Annaland, M.A. van der Hoef, J.A.M. Kuipers, Chem. 
Eng. Sci. 62 (2007) 28. 
2. D. Gidaspow, Multiphase flow and fluidization: continuum and kinetic theory 
descriptions, Academic Press Inc., Boston, 1994. 
3. R. Di Felice, Int. J. Multiphase Flow. 20 (1994) 153. 
4. M.A. van der Hoef, R. Beetstra, J.A.M. Kuipers, J. Fluid Mech. 528 (2005) 
233. (see also: Erratum on AIChE J. 53 (11) (2007), 3020) 
5. R. Beetstra, M.A. van der Hoef, J.A.M. Kuipers, Chem. Eng. Sci. 62 (2007) 
246. 
6. A. Di Renzo, F. Cello, F.P. Di Maio, Chem. Eng. Sci. 66 (2011) 2945. 
7. F.P. Di Maio, A. Di Renzo, V. Vivacqua, Powder Technol. 226 (2012) 180.  
8. X. Yin, S. Sundaresan, AIChE J. 55 (6) (2009) 1352. 
